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Abstract: Quantum field theories on noncommutative Minkowski space are studied in a
model-independent setting by treating the noncommutativity as a deformation of quantum
field theories on commut ative space. Starting from an arbitrary Wightman theory, we
consider special vacuum representations of its Weyl-Wigner deformed counterpart. In such
representations, the effect of the noncommutativity on the basic structures of Wightman
theory, in particular the covariance, locality and regularity properties of the fields, the
structure of the Wightman functions, and the commutative limit, is analyzed. Despite the
nonlocal structure introduced by the noncommutativity, the deformed quantum fields can
still be localized in certain wedge-shaped regions, and may therefore be used to compute
noncommutative corrections to two-particle S-matrix elements.
Keywords: Field Theories in Higher Dimensions, Non-Commutative Geometry,
Nonperturbative Effects.
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1. Introduction
Models of quantum field theories on deformed, noncommutative spaces have been under
intensive investigation in the last years [1, 2, 3, 4, 5, 6, 7]. A main motivation for studying
such spaces is the fact that their spatial and temporal coordinates satisfy those uncer-
tainty relations which are suggested by the uncertainty principle and classical gravity [1].
Quantum field theory on noncommutative spacetime therefore provides an intermediate
step towards a full quantum mechanical treatment of gravity as required for Planck scale
physics.
The construction of models on such deformed spaces faces however new difficulties, for
example the nonlocal features caused by the noncommutative structure of the underlying
space. In most approaches, noncommutative spaces are taken as a motivation for intro-
ducing modified effective Lagrangeans on commutative spaces. The corresponding field
theories are then studied with the methods of perturbative renormalization, either in a
Lorentzian or Euclidean setting [4, 8, 9], which sometimes are better behaved than in the
commutative case [10, 11, 12].
Besides these constructions of specific models, there also exist model-independent
proposals about the formulation of quantum field theories on noncommutative spaces
[13, 14, 15]. In this paper, we develop a particular model-independent approach and con-
sider the noncommutativity as a deformation of a quantum field theory on commutative
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Minkowski space. Our starting point is an arbitrary theory of Wightman quantum fields
φ1, ..., φK , about which we assume the usual covariance, locality and regularity properties,
but make no assumptions as far as a Lagrangean formulation or the interaction is con-
cerned. We then propose a deformed, noncommutative version of this theory, and study
its properties.
As a simple and well studied example of a noncommutative space, we work on the
so-called noncommutative Minkowski space. In the formulation given by Doplicher, Fre-
denhagen and Roberts [1], it is modelled as a C∗-algebra generated by four selfadjoint
coordinate operators X0, ...,X3 and an identity 1, satisfying the “quantum conditions”
[Xµ,Xν ] =: iQµν , [Xµ, Qνκ] = 0 , (1.1)
QµνQ
µν = 2(κ2e − κ2m) · 1 , εµνλρQµνQλρ = −8κeκm · 1 , (1.2)
with some constants κe, κm ∈ IR, measuring the strength of noncommutative effects. Gen-
eralizing the well-known Weyl-Wigner correspondence between functions on commutative
and noncommutative Minkowski space (see, e.g. [2]), we consider the Weyl-Wigner de-
formed fields [1]
X 7−→
∫
d4p eipµX
µ ⊗ φ˜k(p) . (1.3)
This formal assignment, well known from free field theories in the noncommutative setting
[1], is here used to define the polynomial algebra of general deformed quantum fields. To
make contact with field theory on the Moyal plane [2], where the commutators Qµν are
realized as multiples of the identity, we then consider special vacuum states on this field
algebra, which correspond to fixing a value θ in the joint spectrum Σ of the commutators
Qµν . In the corresponding vacuum representations, we find a family of deformed quantum
fields φθk, which coincide with the ones recently proposed by Soloviev [15].
The main characteristics of the deformed theories governed by the fields φθk can be
summarized as follows: The continuity and domain properties of the Wightman fields are
stable under the deformation, and in the commutative limit θ → 0, the deformed fields
converge strongly to the undeformed ones. The deformed models are Poincare´ covariant,
but in general, Lorentz transformations link fields with different spectral values θ ∈ Σ, and
we therefore consider an infinite family of different field operators. Although the fields φθk
are not local, we find that they are not completely delocalized either: Each field operator
φθk(f) can be localized in a certain wedge-shaped region of Minkowski space in a manner
which is consistent with covariance and causality. This weak form of locality is strong
enough to allow for the computation of two-particle S-matrix elements [16, 6, 17].
These findings generalize our previous analysis of a free, scalar quantum field on non-
commutative Minkowski space [6], which was subsequently generalized by Buchholz and
Summers to arbitrary models [17] in the framework of algebraic quantum field theory [18].
From the point of view of deformations of observable algebras, we show in this paper how
their general deformation theory looks like in a concrete Wightman setting, and how it is
related to vacuum representations of Weyl-Wigner deformed fields. Moreover, we find that
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the deformation induced by the noncommutative space (1.1) is only a single example of a
large class of deformations, and mention other examples.
This article is organized as follows: In Section 2, we summarize our assumptions on the
underlying undeformed quantum field theory, and describe the form of noncommutative
Minkowski space which we use. We then formulate the algebra of Weyl-Wigner deformed
fields, introduce a class of vacuum states on it and consider the corresponding vacuum
representations.
It turns out that the deformation of the Wightman theories amounts to a deformation
of the underlying Borchers-Uhlmann tensor algebra of test functions, which is here endowed
with a twisted (Moyal) tensor product instead of the usual tensor product. In Section 3
we study various features of this Moyal tensor product, which are then used in Section 4
to derive the above mentioned properties of the deformed quantum fields.
Our conclusions and some comments on possible future developments are presented in
Section 5.
The following notations and conventions will be used throughout this paper. All our
considerations take place on four-dimensional Minkowski space, the generalization to ar-
bitrary dimensions d ≥ 2 being straightforward. We define the Minkowski metric as
η = diag(+1,−1,−1,−1), i.e. the inner product is x · y := (x, ηy) = x0y0 −
∑3
k=1 xkyk,
where ( . , . ) denotes the positive definite Euclidean scalar product. Also the Fourier trans-
form is defined using the Minkowski product, f˜(p) := (2π)−2
∫
d4x f(x) e−ip·x. We will
employ the notations
pθq := (p, ηθηq) = pµθ
µνqν , (θp)µ := θµνp
ν , (1.4)
and denote the space of all real, antisymmetric (4 × 4)-matrices by IR4×4− . Finally, a dash
on a subset O ⊂ IR4 is used to denote the causal complement of that region, O′ = {x ∈
IR4 : (x− y)2 < 0 ∀y ∈ O}.
2. Vacuum representations of deformed quantum fields
2.1 Assumptions on the undeformed field theory
The starting point of our investigations of deformed quantum field theories is an unde-
formed, usual theory on commutative Minkowski space IR4, described in the Wightman
framework [19, 20]. In this section, we collect our corresponding notations and conven-
tions, which are by and large standard.
The theory is formulated on a separable Hilbert space H, on which the relativistic
symmetries act via a strongly continuous, (anti-) unitary representation U of the universal
covering group P˜↑+ of the identity component of the Poincare´ group, P˜↑+ = IR4 ⋉ SL(2,C).
We denote the covering homomorphism between SL(2,C) and the identity component L↑+
of the Lorentz group by A 7→ Λ(A).
Since we are interested in vacuum representations, we require positivity of the energy
in all Lorentz frames, i.e. the joint spectrum of the generators Pµ of the translation groups
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U(yµ, 1) lies in the closed forward lightcone V+ := {p ∈ IR4 : p2 ≥ 0, p0 ≥ 0}. Furthermore,
there exists a U -invariant unit vector Ω ∈ H, representing the vacuum state.
We allow for finitely many arbitrary scalar, tensor or spinor fields and denote the
components of all these fields by φ1, ..., φK , K < ∞. They constitute the operator-valued
distribution φ(f) :=
∑K
k=1 φk(fk), depending linearly on multi component test functions
f = (f1, ..., fK) ∈ SK := S (IR4)⊕K .
The operators φ(f), f ∈ SK , and their adjoints contain a common, stable, U -invariant,
dense subspace D ⊂ H including Ω in their domains such that f 7→ 〈Ψ, φ(f)Ψ′〉 is a K-
component tempered distribution if Ψ,Ψ′ ∈ D. More specifically, we will consider the fields
as operators on the domain they generate from the vacuum, i.e. on
D := span{Ψn(fn) : fn ∈ S nK , n ∈ IN0} , (2.1)
Ψn(f1 ⊗ ...⊗ fn) := φ(f1) · · · φ(fn)Ω , f1, ..., fn ∈ SK , (2.2)
and assume that D lies dense in H. By application of the nuclear theorem, the Ψn (2.2)
an be extended to H-valued tempered distributions on S nK [21], i.e. we have a collection
of linear, continuous maps S nK ∋ fn 7→ Ψn(fn) ∈ H.
It will be convenient to include the adjoints of the fields in the set {φ1, ..., φK}, and
consider also them as being defined on the domain D. We write φk(f)∗|D = φk(f), k ∈
{1, ...,K}.
Depending on the transformation behavior of the fields φk, there exists some K-
dimensional representation D of SL(2,C) such that
U(y,A)φ(f)U(y,A)−1 = φ(f(y,A)) , f ∈ SK , (2.3)
f(y,A)(x)k :=
K∑
l=1
D(A−1)lkf(Λ(A)
−1(x− y))l . (2.4)
To describe the commutation relations of the fields, we assume that the index set
{1, ...,K} = IB∪IF is the disjoint union of a set IB of “Bose indices” and a set IF of “Fermi
indices”. The corresponding fields commute or anticommute at spacelike separation, i.e.
with Ψ ∈ D, f, g ∈ S (IR4),
[φk(f), φl(g)]±Ψ = 0 if (supp f) ⊂ (supp g)′ . (2.5)
Here the sign in [φk, φl]± = φkφl ± φlφk is “+” if k, l ∈ IF and “−” otherwise. Note that
according to our conventions, these commutation relations also involve the adjoint fields
φk(f)
∗.
It will often be convenient to consider the Borchers-Uhlmann algebra [22, 23], i.e. the
tensor algebra S over SK . Its elements are terminating sequences
f = (f0, f1, ..., fn, 0, ...) , (2.6)
with f0 ∈ CK , fn ∈ S nK . Addition, scalar multiplication and Fourier transformation is
defined component wise, and we endow S with its usual topology [19].
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The Poincare´ action (2.4) can be extended to S by taking tensor products and direct
sums, i.e. with D = D(A−1), Λ = Λ(A), we define
fn(y,A)(x1, ..., xn)k =
K∑
l1,...,ln=1
Dl1k1 · · ·Dlnknfn(Λ−1(x1 − y), ...,Λ−1(xn − y))l .
The notations f(y) := f(y,1) and Ψ(f) :=
∑
nΨ
n(fn) for f = (f0, f1, ..., fn, 0, ..., ) ∈ S will
be used throughout.
Finally, we introduce two antilinear involutions f 7→ f∗ and f 7→ fJ on S ,
(f∗)n(x1, ..., xn)k := fn(xn, ..., x1)k , k = ( kn, ..., k1 ) , (2.7)
(fJ)n(x1, ..., xn)k := i
N(k) fn(−x1, ...,−xn)k1...kn , (2.8)
related to the adjoint and TCP-transformed fields, respectively. Here N(k) :=
∑n
j=1N(kj)
takes into account a possible spinorial character of the fields, with N(kj) ∈ Z and N(kj) =
N(kj).
The vacuum expectation values of the fields, i.e. the n-point functions, are denoted by
ωn(f
n) := 〈Ω, Ψn(fn)〉 , fn ∈ S nK , (2.9)
and we also write ω(f) :=
∑
n ωn(f
n). With these conventions, we have
φ(f)Ψ(g) = Ψ(f ⊗ g) , f ∈ SK , g ∈ S , (2.10)
〈Ψ(g), Ψ(h)〉 = ω(g∗ ⊗ h) , g, h ∈ S . (2.11)
2.2 Noncommutative Minkowski space
Having made precise our assumptions on the undeformed quantum field theory, let us de-
scribe the representation of the algebraic structure (1.1) defining noncommutative Minkowski
space which we will employ, following closely the original formulation in [1].
The quantum conditions (1.1) imply that the commutators Qµν = −i[Xµ,Xν ] commute
with each other, and their joint spectrum is contained in the set
Σ := Σκeκm = {θ ∈ IR4×4− : θµνθµν = 2(κ2e − κ2m) , εµναβθµνθαβ = −8κeκm} . (2.12)
The two parameters κe, κm entering into the construction will be taken as arbitrary but
fixed real numbers in the following, and possible dependencies on these parameters will
only be indicated when their values are of importance. The same convention applies to the
reference matrix
θ1 := θ1(κe, κm) =


0 κe 0 0
−κe 0 0 0
0 0 0 κm
0 0 −κm 0

 ∈ Σκeκm . (2.13)
The set Σκeκm is a homogeneous space for the proper orthochronous Lorentz group L↑+
with respect to the action θ 7→ ΛθΛT , and to each θ ∈ Σκeκm we associate a Lorentz
transformation Λθ such that Λθθ1Λ
T
θ = θ.
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For the formulation of a representation space for the commutation relations (1.1), we
view Σ as a submanifold of IR16, and equip it with the corresponding differential structure
and measure dσ(θ). We then consider the Hilbert space
V := L2(IR2 × Σ, d2s× dσ(θ)) (2.14)
and its dense subspace V∞ := C∞0 (IR2 × Σ).
Let xˆ0, ..., xˆ3 denote the Schro¨dinger position and momentum operators acting on
L2(IR2, d2s), i.e. xˆ0 = s1, xˆ2 = s2, xˆ1 = −iκe ∂s1 , xˆ3 = −iκm ∂s2 . Then [xˆµ, xˆν ] = i(θ1)µν ,
and the noncommutative coordinates Xµ are defined as, v ∈ V∞,
(Xµv)(s, θ) := ((Λθxˆ)µv)(s, θ) . (2.15)
The commutators Qµν := −i[Xµ,Xν ] satisfy (Qµνv)(s, θ) = θµν · v(s, θ), and the joint
spectrum of the Qµν is Σ. The C
∗-algebra generated by the Xµ is denoted E and taken as
the model of noncommutative Minkowski space [1].
2.3 Vacuum representations of the Weyl-Wigner deformed field algebra
After these prerequisites, we turn to the formulation of the deformed quantum field theory.
The basic idea for transporting the fields φk to noncommutative Minkowski space is to
use a generalized Weyl-Wigner correspondence [2], i.e. to define “φk(X)” with the help of
the Fourier transform φ˜k of φk, but making use of the exponentials exp(ip ·X) involving
the noncommuting coordinates Xµ. Due to the operator nature of the fields φk, this
correspondence is usually taken in the tensor product form X 7→ ∫ dp eip·X ⊗ φ˜k(p). Values
of the field at different points are then defined with the help of the translations, which are
implemented on the noncommutative Minkowski space by shifting the Xµ with multiples
of the identity, Xµ 7→ Xµ + xµ · 1. These ideas can be summarized in the following formal
definition [1, 4],
φ⊗k (x) := (2π)
−2
∫
d4p
(
eip·X ⊗ eip·xφ˜k(p)
)
, x ∈ IR4 . (2.16)
In the context of deformed free fields, the φ⊗k (x) are usually considered as maps from states
on E to field operators on Fock space [4]. We take here a slightly different point of view
and want to study certain states and representations of the polynomial algebra generated
by the fields φ⊗k . To this end, it is necessary to give rigorous meaning to the expression
(2.16) as a linear operator on some domain in V ⊗H ∼= L2(IR2 × Σ→H).
This can be done as follows. We consider the enlarged Borchers-Uhlmann algebra
S
⊗ := C∞0 (IR
2 × Σ)⊗S , (2.17)
and denote its elements by bold face letters, f = (f0,f1, ...,fn, 0, ...), and their dependence
on s, θ by subscripts, i.e. fns,θ ∈ S nK . These test functions are mapped to vectors in
L2(IR2 × Σ→H) via
f 7−→ Ψ⊗(f) , Ψ⊗(f)(s, θ) :=
∑
n
Ψn(fns,θ) . (2.18)
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The space spanned by the Ψ⊗(f) will be denoted D⊗. To describe the fields φ⊗, we define
an action of SK on S
⊗ by
˜(f × g)ns,θ(p1, ..., pn)kl := f˜(p1)k · ˜(eip1·Xg)n−1s,θ (p2, ..., pn)l , f ∈ SK , g ∈ S ⊗ . (2.19)
Here the coordinates Xµ act in their previously defined Schro¨dinger representation on the
(s, θ)-variables of g. Note that in view of the smooth and compactly supported (s, θ)-
dependence of elements on S ⊗, we have f × g ∈ S ⊗.
With this action, the Weyl-Wigner deformed quantum fields φ⊗ take the form
φ⊗(f)Ψ⊗(g) = Ψ⊗(f × g) . (2.20)
This formula can be regarded as the precise definition of the formal expression (2.16). Some
of the relevant properties of the fields φ⊗(f) are summarized in the following proposition.
Proposition 2.1 The fields φ⊗(f) have the following properties:
a) Each φ⊗(f), f ∈ SK , is a well-defined linear operator on the dense domain D⊗, and
leaves D⊗ invariant.
b) φ⊗(f)∗ ⊃ φ⊗(f∗).
c) The expectation value of products of fields in a vector state of the form v⊗Ω, v ∈ V∞,
is
〈v ⊗Ω, φ⊗(f1) · · · φ⊗(fn) v ⊗ Ω〉
=
∑
k
∫
ds dσ(θ)
∫
d4np ω˜n(−p)k
n∏
j=1
f˜j(pj)kj
n∏
l<r
e−
i
2
plθpr |v(s, θ)|2 . (2.21)
Proof. a) To prove that φ⊗(f) is well defined, let g ∈ S ⊗ with Ψ⊗(g) = 0, i.e.
ω(g∗s,θ ⊗ gs,θ) = 0 , s ∈ IR2, θ ∈ Σ . (2.22)
Using the explicit Schro¨dinger representation of the Xµ, one can easily show that given
f ∈ S , there exists h ∈ S ⊗ (depending on f,g) such that∫
ds dσ(θ)ω((f × g)∗s,θ ⊗ (f × g)s,θ) =
∫
ds dσ(θ)ω(hs,θ ⊗ gs,θ) .
In view of (2.22) and the Cauchy-Schwarz inequality satisfied by ω,∣∣∣∣
∫
ds dσ(θ)ω((f × g)∗s,θ ⊗ (f × g)s,θ)
∣∣∣∣ ≤
∫
ds dσ(θ)ω(h∗s,θ ⊗ hs,θ)1/2ω(g∗s,θ ⊗ gs,θ)1/2 = 0 .
Since ω is positive, this implies ω((f × g)∗s,θ⊗ (f × g)s,θ) = 0 for all s, θ. Hence Ψ⊗(g) = 0
implies Ψ⊗(f × g) = 0. Taking also into account that f × g ∈ S ⊗ for g ∈ S ⊗, f ∈ SK , it
follows that φ⊗(f) is a well defined linear operator on the domain D⊗, with φ⊗(f)D⊗ ⊂ D⊗.
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b) With arbitrary g,h ∈ S ⊗, n,m ∈ IN0, f ∈ SK , we compute
〈Ψ⊗(hn), φ⊗(f)Ψ⊗(gm)〉 =
∫
ds dσ(θ)ω(hns,θ
∗ ⊗ (f × gm)s,θ)
=
∑
k,l,r
∫
ds dσ(θ)
∫
dq dq′ dp ω˜n+m+1(−q,−p,−q′)klrh˜ns,θ(−qn, ...,−q1)k f˜(p)l(eip·X g˜m)s,θ(q′)r
=
∫
ds dσ(θ)ω((f∗ × hn)∗s,θ ⊗ gms,θ)
= 〈Ψ⊗(f∗ × hn), Ψ⊗(gm)〉 = 〈φ⊗(f∗)Ψ⊗(hn), Ψ⊗(gm)〉 .
This implies φ⊗(f)∗ ⊃ φ⊗(f∗).
c) The vacuum vector Ω ∈ H is given by the constant function 1 ∈ S in the Borchers
algebra, 1n(x) = δn,0. By definition of φ
⊗, we therefore have
φ⊗(f1) · · · φ⊗(fn)(v ⊗ Ω) = Ψ⊗(fn) , (2.23)
with
f˜
n
s,θ(p1, ...pn)k = (f1 × (f2 × ...fn × (v ⊗ 1)...))s,θ(p1, ..., pn)k
= f˜1(p1)k1(e
ip1·X(f2 × ...(fn × (v ⊗ 1))...)s,θ(p2, ..., pn)
=
n∏
j=1
f˜j(pj)kj · (eip1·X · · · eipn·Xv)(s, θ) . (2.24)
Since the commutators Qµν = −i[Xµ,Xν ] act as (Qµνv)(s, θ) = θµν · v(s, θ), it follows from
the Baker-Campbell-Hausdorff formula that
(eip1·X · · · eipn·Xv)(s, θ) =
∏
1≤l<r≤n
e−
i
2
plθpr · (ei
Pn
j=1 pj ·Xv)(s, θ) . (2.25)
Putting these identities together, we arrive at the expectation values
〈v ⊗ Ω, φ⊗(f1) · · · φ⊗(fn) v ⊗ Ω〉 =
∫
ds dσ(θ) 〈v(s, θ) · Ω ,Ψ(fns,θ)〉 (2.26)
=
∑
k
∫
ds dσ(θ)
∫
d4np ω˜n(−p)k
n∏
j=1
f˜j(pj)kj
n∏
l<r
e−
i
2
plθprv(s, θ)(ei
Pn
j=1 pj ·Xv)(s, θ) .
In view of the translation invariance of the undeformed fields φk, the n-point function ω˜n(p)
is non-vanishing only for zero total momentum
∑n
j=1 pj. We may therefore drop the factor
ei
Pn
j=1 pj ·X in (2.26) and arrive at (2.21). 
Regarding all polynomials in the fields φ⊗(f) and φ⊗(f)∗ as being defined on D⊗,
we obtain a ∗-algebra P⊗ of operators on V ⊗ H, the algebra of Weyl-Wigner deformed
quantum fields. In contrast to the commutative situation, P⊗ acts reducibly1 on the
1We acknowledge a helpful discussion with E. Seiler on this point.
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domain D⊗. In fact, P⊗(v ⊗ Ω) is a nontrivial P⊗-stable subspace of V ⊗ H, since
P⊗(u⊗Ω) ⊂ (P⊗(v ⊗ Ω))⊥ if ∫ ds u(s, θ)v(s, θ) = 0 for all θ ∈ Σ.
In the following, we will change to a different representation of P⊗, given via the GNS
construction [24] by a vacuum state on this algebra. Guided by the picture of modelling
a situation in which the degrees of freedom of the noncommutative background are not
coupled dynamically to the fields, we consider product states of the form ν⊗ω on P⊗, where
ω = 〈Ω, .Ω〉H is the vacuum state of the undeformed field algebra, and ν a (sufficiently
regular) state on E . To make contact with QFT on Moyal space, where the commutators
of coordinates are taken to be multiples of the identity, [Xµ,Xν ] = iθµν · 1, we will more
specifically consider states ωθ := νθ ⊗ ω, where νθ on E corresponds to a fixed spectral
value2 θ ∈ Σ.
These states therefore have the form (2.21) with
∫
ds|v(s, θ′)|2 replaced by δ(θ′ − θ),
i.e.
ωθ(φ⊗(f1) · · ·φ⊗(fn)) =
∑
k
∫
d4np ω˜n(−p)k
n∏
j=1
f˜j(pj)kj
n∏
l<r
e−
i
2
plθpr . (2.27)
For the description of the GNS representation of P⊗ with respect to ωθ, we introduce
the Moyal tensor product, a generalization of the star product to non-coinciding points [2].
Definition 2.2 (Moyal tensor product)
Let θ ∈ IR4×4− . For fn ∈ S nK , gm ∈ S mK , the Moyal tensor product fn ⊗θ gm is defined via
Fourier transformation as
( ˜fn ⊗θ gm)(p1, ..., pn; q1, ..., qm)kt :=
n∏
l=1
m∏
r=1
e−
i
2
plθqr · f˜n(p1, ..., pn)k g˜m(q1, ..., qm)t .
(2.28)
By bilinearity of ⊗θ, this definition is extended to f = (f0, f1, ...), g = (g0, g1, ...) ∈ S .
Theorem 2.3 (Vacuum representations of P⊗ at fixed θ ∈ Σ)
The GNS data of the Weyl-Wigner deformed field algebra P⊗ with respect to the state ωθ
(2.27) are up to unitary equivalence given by the Hilbert space H of the undeformed theory,
the domain of definition D (2.1), and the vacuum vector Ω as implementing vector, with
the fields represented as, f ∈ SK , g ∈ S ,
πθ(φ⊗(f))Ψ(g) = Ψ(f ⊗θ g) . (2.29)
Proof. For comparison with the claimed formula (2.29), we define new fields φθ(f), f ∈ SK ,
on D ⊂ H by φθ(f)Ψ(g) := Ψ(f ⊗θ g), g ∈ S . In close analogy to the proof of Proposition
2.1, one can show that these are well-defined linear operators on D, which satisfy
φθ(f)∗ ⊃ φθ(f∗) . (2.30)
2For a very different choice of state, see [1].
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For an explicit proof of these properties, see also Proposition 4.1 below.
Furthermore, the vacuum Ω is a cyclic vector for the polynomial algebra Pθ generated
by all fields φθ(f), ∈ SK , i.e. PθΩ = H. To prove this claim, let Φ ⊥ PθΩ and note that
an n-fold Moyal tensor product has the form f1, ..., fn ∈ SK ,
˜(f1 ⊗θ ...⊗θ fn)(p1, ..., pn)k =
n∏
j=1
f˜j(pj)kj ·
∏
1≤l<r≤n
e−
i
2
plθpr . (2.31)
Thus, for arbitrary f1, ..., fn ∈ SK ,
0 = 〈Φ, φθ(f1) · · · φθ(fn)Ω〉 = 〈Φ, Ψ˜n(F˜ θn · (f˜1 ⊗ ...⊗ f˜n)〉 , (2.32)
where F˜ θn(p1, ..., pn) =
∏n
l<r exp(− i2plθpr). By linearity and continuity, this equation also
holds if f1 ⊗ ... ⊗ fn is replaced with any test function gn ∈ S nK . Choosing the Fourier
transform of gn to have the form (F˜ θn)
−1·h˜n, with arbitrary h˜n ∈ S nK , we find 〈Φ, Ψn(hn)〉 =
0. In view of the cyclicity of the vacuum for the polynomial algebra of the undeformed
fields, this implies Φ = 0 and hence PθΩ = H.
Now let (Dθ ⊂ Hθ,Ωθ, πθ) denote the GNS data of the pair (P⊗, ωθ). We have to
show that these data are unitarily equivalent to the ones given in the theorem. Since Ωθ is
the GNS vector for (P⊗, ωθ), comparison with (2.27) yields
〈Ω, φθ(f1) · · · φθ(fn)Ω〉 = ωθ(φ⊗(f1) · · · φ⊗(fn)) = 〈Ωθ, πθ(φ⊗(f1)) · · · πθ(φ⊗(fn))Ωθ〉 .
As a consequence of this identity, the coinciding form of the ∗-structures (cf. Proposition
2.1 b) and (2.30)) for P⊗ and Pθ, and the fact that Ωθ resp. Ω is cyclic for πθ(P⊗) resp.
Pθ, it follows that the map V : Hθ → H,
V πθ(φ⊗(f1)) · · · πθ(φ⊗(fn))Ωθ := φθ(f1) · · · φθ(fn)Ω , (2.33)
is well defined and maps πθ(P⊗)Ωθ isometrically onto PθΩ. Hence it extends to a unitary
mapping Hθ onto PθΩ = H.
By construction, V Ωθ = Ω and V πθ(φ⊗(f))V ∗ = φθ(f), so the proof of the theorem is
finished. 
Remark: Theorem 2.3 relies via Proposition 2.1 c) on the translation invariance of the
vacuum, but not on more specific properties of this state, like positivity of the energy
or Lorentz invariance. It therefore also applies to more general translationally invariant
states, such as thermal equilibrium states.
Given the importance the θ-deformed fields introduced in the proof of Theorem 2.3 have
in the subsequent sections, we write down their formal definition explicitly.
Definition 2.4 (θ-deformed fields)
The θ-deformed quantum fields φθ(f) are defined as linear operators on D ⊂ H by
φθ(f)Ψ(g) := Ψ(f ⊗θ g) , f ∈ SK , g ∈ S . (2.34)
The ∗-algebra generated by these fields is denoted Pθ.
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The fields φθ have recently been found by Soloviev, who proposes them as a possible
generalization of Wightman quantum fields to noncommutative Minkowski space [15]. Here
we see how this construction is related to the choice of a particular vacuum state on the
algebra of the Weyl-Wigner deformed fields φ⊗.
For the case of a free field φ, the θ-deformed fields φθ have been constructed in our
previous work [6]. Forgetting about the original motivation to understand representations
of the Weyl-Wigner deformed field algebra and noncommutative Minkowski space, one can
also view φ → φθ as a deformation of quantum field theories on the usual commutative
Minkowski space. This point of view has been taken by Buchholz and Summers, who re-
cently formulated a general algebraic version of this deformation, the warped convolution
deformation [17]. In the concrete Wightman setting discussed here, this deformation coin-
cides with the replacement φ→ φθ.
By comparison of (2.10) and Definition 2.4, it becomes apparent that the deformation
φ → φθ amounts to introducing a new tensor product on the Borchers-Uhlmann algebra
S , replacing the usual tensor product (fn⊗ gm)(x, y) = fn(x)gm(y). Therefore, the prop-
erties of the θ-deformed fields can also be derived from properties of the Moyal tensor
product, instead of following the more algebraic reasoning of [17]. As we shall see later on,
this has the advantage that more general deformations with interesting properties can be
defined. In the following section, we extract the relevant properties of the tensor product
⊗θ.
3. The Moyal tensor product
The Moyal tensor product ⊗θ was introduced in Definition 2.2 in momentum space, i.e.
via Fourier transformation. Going over to position space, one checks by straightforward
calculation that it can also be written as, fn ∈ S nK , gm ∈ S mK ,
(fn ⊗θ gm)(x, y)kt = π−4
∫
d4ξ
∫
d4q fn(ξ)(x)k g
m
(θq)(y)t e
−2iξ·q (3.1)
= π−4
∫
d4ξ
∫
d4q fn(−θξ)(x)k g
m
(q)(y)t e
−2iξ·q . (3.2)
For n = m and scalar functions (K = 1), one recovers the usual Moyal star product (with
noncommutativity 12θ) by passing to the diagonal x = y,
(fn ⊗θ gn)(x, x) = (fn ⋆θ/2 gn)(x) , fn, gn ∈ S (IRn) . (3.3)
In the literature, sometimes also fn(x) ⋆ gm(y) is written instead of (fn ⊗θ gm) or (fn ⊗θ
gm)(x, y), but for the sake of clarity, we stick to the tensor product notation ⊗θ.
Lemma 3.1 (Basic properties of the Moyal tensor product)
Let θ ∈ IR4×4− . The corresponding Moyal tensor product ⊗θ has the following properties:
a) ⊗θ : S ×S → S is a bilinear, associative, and continuous map.
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b) Equipping the space IR4×4− of antisymmetric (4×4)-matrices with the matrix (operator)
norm, the map θ 7→ f ⊗θ g is continuous in the topology of S for any fixed f, g ∈ S .
c) Poincare´ transformations act on Moyal tensor products according to, (y,A) ∈ P˜↑+,
(f ⊗θ g)(y,A) = f(y,A) ⊗Λ(A)θΛ(A)T g(y,A) . (3.4)
d) For f, g ∈ S ,
(f ⊗θ g)∗ = g∗ ⊗θ f∗ , (3.5)
(f ⊗θ g)J = fJ ⊗−θ gJ . (3.6)
Proof. a) The bilinearity of ⊗θ follows directly from the definition (2.28), and since mul-
tiplication with the function
∏n
l<r e
−iplθpr/2 is a continuous map from S (IR4(n+m)) to
S (IR4(n+m)), we also have continuity. Associativity, i.e. f ⊗θ (g⊗θ h) = (f ⊗θ g)⊗θ h, can
easily be checked in momentum space.
b) This follows from Def. 2.2 by using the estimate
|e− i2pθq − e− i2pθ′q| ≤ 1
2
|p| · |q| · ‖θ − θ′‖ , p, q ∈ IR4, θ, θ′ ∈ IR4×4− ,
and similar bounds for the derivatives of this function.
c) Note that since pθq = (p, ηθηq), there holds for any Λ ∈ L the equality
(Λ−1p)θ(Λ−1q) = (Λ−1p, ηθηΛ−1q) = (p, ηΛθΛT ηq) = p
(
ΛθΛT
)
q .
The Fourier transform of fn(y,A) is f˜
n
(y,A)(p) = e
−iy·
Pn
a=1 pa · f˜n(0,A)(p). Writing Λ := Λ(A),
this implies
˜(fn ⊗θ gm)(y,Λ)(p, q)kt = f˜n(0,A)(p)k g˜m(0,A)(q)t e−iy·(
Pn
a=1 pa+
Pm
b=1 qb)
n,m∏
l,r=1
e−
i
2
(Λ−1pl)θ(Λ
−1qr)
= f˜n(y,A)(p)k g˜
m
(y,A)(q)t
n,m∏
l,r=1
e−
i
2
pl(ΛθΛ
T )qr
= ˜(fn(y,A) ⊗ΛθΛT gm(y,A))(p, q)kt ,
proving c).
d) The involutions f 7→ fJ and f 7→ f∗ (2.8, 2.7) act in momentum space according to
(˜fJ)n(p1, ..., pn)k = i
N(k) f˜n(p1, ..., pn)k1..kn , (3.7)
(˜f∗)n(p1, ..., pn)k = f˜n(−pn, ...,−p1)k . (3.8)
Since conjugation changes the sign of θ in the phase factors exp(− i2plθpr) in (2.28), this
implies (f ⊗θ g)J = fJ ⊗−θ gJ . For f 7→ f∗, one has to take into account that inverting
the order of the momenta amounts to exchanging θ with −θ, too. 
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Remark: Whereas the Moyal tensor product ⊗θ is an associative product, brackets can not
be omitted in multiple products if different noncommutativities θ, θ′ ∈ IR4×4− are involved,
i.e. in general
(f ⊗θ g)⊗θ′ h 6= f ⊗θ (g ⊗θ′ h) , θ 6= θ′ . (3.9)
In our discussion of locality properties in Section 4.4, we will also need statements about
support properties of Moyal tensor products, and therefore prove a corresponding propo-
sition here. For its formulation, let us define the total momentum support of a function
fn ∈ S (IRn) as
U˜f := {
n∑
j=1
pj : (p1, ..., pn) ∈ supp f˜n } ⊂ IR4 , (3.10)
and write for sets Sn ⊂ IR4n
Sn + U˜f := {(y1 + q, ..., yn + q) : (y1, ..., yn) ∈ Sn , q ∈ U˜f} . (3.11)
Proposition 3.2 (Support properties of Moyal tensor products)
a) Let fn ∈ S (IRn), gm ∈ S (IRm). Then
supp (fn ⊗θ gm) ⊂
(
supp fn + 12θ U˜g
)
×
(
supp gm − 12θ U˜f
)
. (3.12)
b) Let f1, f2 ∈ S (IR4), gn ∈ S (IRn) and consider a tempered distribution W ∈ S (IR4(n+2))′
whose Fourier transform has support in the (n+2)-fold product of some cone V ⊂ IR4.
Then
W (f1 ⊗θ (f2 ⊗−θ gn)) = W (χU · (f1 ⊗θ (f2 ⊗−θ gn))) , (3.13)
where χU denotes the characteristic function of the set
U := (supp f1 − θ V )× (supp f2 + θ V )× IR4n . (3.14)
c) For f1, f2 ∈ S (IR4), gn ∈ S (IR4n),
(f1 ⊗θ (f2 ⊗−θ gn))(x2, x1, y) = (f2 ⊗−θ (f1 ⊗θ gn))(x1, x2, y) . (3.15)
Proof. a) Let χ˜f and χ˜g denote the characteristic functions of U˜f and U˜g, respectively.
Since f˜n(p) = χ˜f (
∑n
j=1 pj) · f˜n(p), we can represent fn in (3.1) as a convolution with χf :
(fn ⊗θ gm)(x, y) = 1
4π6
∫
dξ
∫
dq
∫
dz fn(ξ+z)(x)χf (z) g
m
(θq)(y)e
−2iξ·q
= π−4
∫
dξ
∫
dq fn(ξ)(x)χ˜f (−2q) gm(θq)(y)e−2iξ·q .
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The q-integration is here restricted to −12 U˜f because of the support properties of χ˜f . Thus
(fn ⊗θ gm)(x, y) = 0 if y is not contained in the set (supp gm − 12θ U˜f ).
Alternatively, we can use (3.2) and represent gm as a convolution with χg,
(fn ⊗θ gm)(x, y) = π−4
∫
dξ
∫
dq fn(−θξ)(x) g
m
(q)(y) χ˜g(−2ξ)e−2iξ·q ,
implying (fn ⊗θ gm)(x, y) = 0 for x /∈ (supp fn + 12θ U˜g). This proves the claim about the
support of fn ⊗θ gm.
b) Let U˜1, U˜2, U˜g denote the total momentum supports of f1, f2, g. By twofold appli-
cation of a), the support S of f1 ⊗θ (f2 ⊗−θ g) can be estimated according to
S ⊂ (supp f1 + 12θ(U˜2 + U˜g))× (supp (f2 ⊗−θ g)− 12θ U˜1)
⊂ (supp f1 + 12θ(U˜2 + U˜g))× (supp f2 − 12θ(U˜1 + U˜g))× IR4n . (3.16)
For the evaluation of this test function in the distribution W , we have to take into account
that in
W (f1 ⊗θ (f2 ⊗−θ gn)) =
∫
dp1dp2dq W˜ (−p1,−p2,−q)f˜1(p1)f˜2(p2)g˜n(q)e−
i
2
p1θ(p2+qˆ)e
i
2
p2θqˆ,
with qˆ :=
∑n
j=1 qj, all momentum integrations are restricted to the cone −V . Hence we
can proceed as in the proof of a), but use −V instead of the total momentum supports to
determine the restriction on the position space integrals in W (f1⊗θ (f2⊗−θ gn)). After the
replacement U˜1, U˜2, U˜g → −V , the set (3.16) turns into U (3.14) since V is a cone. Thus
(3.13) follows.
c) From Definition 2.2 one can easily deduce the exchange rule, f1, f2 ∈ S (IR4),
gn ∈ S (IRn),
˜(f1 ⊗θ (f2 ⊗θ′ gn))(p2, p1, q) = e
i
2
p1(θ+θ′)p2 · ˜(f2 ⊗θ′ (f1 ⊗θ gn))(p1, p2, q) . (3.17)
For the special case θ′ = −θ, this simplifies to, x1, x2 ∈ IR4, y ∈ IR4n,
(f1 ⊗θ (f2 ⊗−θ gn))(x2, x1, y) = (f2 ⊗−θ (f1 ⊗θ gn))(x1, x2, y) , (3.18)
which is the claimed identity (3.15). 
4. θ-deformed quantum fields
This section is devoted to the analysis of the θ-deformed quantum fields (Def. 2.4), using the
properties of the Moyal tensor product established before. In Subsection 4.1, we consider
the domain and continuity properties of the field operators φθ(f), which turn out to be
stable under the deformation. We also show that the commutative limit θ → 0 is continuous
in a strong sense. In Subsection 4.2, we then discuss the structure of deformed n-point
functions and comment on the reconstruction theorem in the deformed setting.
The most significant changes introduced by the noncommutative background are re-
lated to the covariance and locality properties of the quantum fields. These questions are
considered in Subsection 4.3.
References to the literature are given in the respective parts of this chapter.
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4.1 Regularity and commutative limit
Proposition 4.1 (Wightman properties of the deformed field operators)
Consider the θ-deformed fields φθ(f) (2.34), with some noncommutativity θ ∈ IR4×4− . Then
a) The dense subspace D is contained in the domain of each φθ(f), f ∈ SK .
b) For Ψ,Ψ′ ∈ D, the map SK ∋ f 7−→ 〈Ψ, φθ(f)Ψ′〉 is a tempered distribution.
c) For any f ∈ SK ,
φθ(f)∗ ⊃ φθ(f∗) . (4.1)
d) For each open set O ⊂ IR4, the space
Dθ(O) := span{φθ(f1) · · · φθ(fn)Ω : fj ∈ S (O)⊕K} (4.2)
is dense in H (Reeh-Schlieder property).
Proof. a) follows directly from the definition (2.34) of φθ(f), and b) is a consequence of the
facts that the Ψn are vector-valued distributions and f 7→ f ⊗θ g, g ∈ S , is continuous in
the Schwartz topology (Lemma 3.1 a)).
c) This property has already been established by Soloviev [15], but we give here a proof
for the sake of self-containedness. To begin with, note that
ω(f∗ ⊗ g) = ω(f∗ ⊗θ g) , f, g ∈ S , (4.3)
since the factor exp(− i2(
∑n
l=1 pl)θ(
∑m
r=1 qr)) appearing in (f
∗)n ⊗θ gm drops out because
the Wightman distribution ω˜n+m(p, q) has support in {(p, q) :
∑n
l=1 pl+
∑m
r=1 qr = 0} and
θ is antisymmetric.
With f ∈ SK , g, h ∈ S , we therefore get
〈Ψ(g), φθ(f)Ψ(h)〉 = 〈Ψ(g), Ψ(f ⊗θ h)〉 = ω(g∗ ⊗ (f ⊗θ h)) = ω(g∗ ⊗θ f ⊗θ h) .
Making use of Lemma 3.1 d), we furthermore see
ω(g∗ ⊗θ f ⊗θ h) = ω((f∗ ⊗θ g)∗ ⊗θ h) = 〈Ψ(f∗ ⊗θ g), Ψ(h)〉 = 〈φθ(f∗)Ψ(g), Ψ(h)〉.
This proves (4.1).
For d), we first observe that Dθ(IR4) = πθ(P⊗)Ω is dense in H because Ω is a cyclic
vector for the GNS representation πθ. To establish the density of the restricted spaces
Dθ(O), with O ⊂ IR4 some open set, note that φθ(f) transforms covariantly under trans-
lations,
U(x, 1)φθ(f)U(x, 1)−1 = φθ(f(x)) , f ∈ SK . (4.4)
(For more general transformation properties of the fields φθ, see also Lemma 4.3 below.)
In view of the undeformed spectral properties of the translation group (positivity of the
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energy), we can now apply the usual Reeh-Schlieder argument [20] to conclude the density
of Dθ(O) ⊂ H from that of Dθ(IR4) ⊂ H. 
The undeformed fields φk are included in our considerations as the special case θ = 0.
Moreover, one can recover the original theory in the limit θ → 0 of vanishing noncommu-
tativity. This continuity of the θ-deformation is proved next.
Proposition 4.2 (The commutative limit) The θ-deformed field operators φθ(f) con-
verge strongly to the undeformed field operators φ(f) on D as θ → 0.
Proof. Let f ∈ SK and g ∈ S . Taking into account that the Ψ are vector-valued tempered
distributions, the continuity of θ 7→ f ⊗θ g established in Lemma 3.1 b) implies
lim
θ→0
φθ(f)Ψ(g) = lim
θ→0
Ψ(f ⊗θ g) = Ψ(f ⊗ g) = φ(f)Ψ(g) . (4.5)
Since any vector in D is of the form Ψ(g) for some g ∈ S , this proves the claim. 
4.2 Deformed n-point functions and reconstruction
A Wightman quantum field theory can be completely characterized in terms of its n-
point functions ωn(x1, ..., xn)k = 〈Ω, φk1(x1) · · · φkn(xn)Ω〉 [20]. In the deformed setting
we consider here, the (smeared) vacuum expectation values of products of fields are
ωθ(f1 ⊗ ...⊗ fn) := 〈Ω , φθ(f1) · · · φθ(fn)Ω〉 = 〈Ω ,Ψn(f1 ⊗θ ...⊗θ fn)〉
= ω(f1 ⊗θ ...⊗θ fn) , (4.6)
In the following, we will use the notation ωθ(f) =
∑
n ω
θ
n(f
n), f = (f0, f1, ..., 0, ...) ∈ S ,
with the distributions ωθn defined by linear and continuous extension of (4.6) to S
n
K , and
write ω0n := ωn to emphasize the undeformed n-point functions.
The distributional kernels of the deformed Wightman functions have in momentum
space the universal θ-dependence
ω˜θn(p1, ..., pn)k =
∏
1≤l<r≤n
e−
i
2
plθpr · ω˜0n(p1, ..., pn)k . (4.7)
Definition 2.4 implies that φθ(f)Ω = φ(f)Ω does not depend on θ ∈ IR4×4− . Hence the vac-
uum expectation value of a single field and the two-point function are always undeformed,
ωθ1(x1) = ω
0
1(x1), ω
θ
2(x1, x2) = ω
0
2(x1, x2). The twisting factor
∏
l<r e
− i
2
plθpr introduces a
non-trivial θ-dependence only in the higher n-point functions, n ≥ 3.
As pointed out by Soloviev [15], the inner products, f, g ∈ S ,
(f, g)θ := ω
θ(f∗ ⊗ g) = ωθ(f∗ ⊗θ g) (4.8)
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are positive semi-definite, i.e. we can use them in the same way as in the reconstruc-
tion theorem of Wightman theory [20] to define different Hilbert space structures on the
Borchers-Uhlmann algebra S . Calling the completed spaces Hθ, θ ∈ IR4×4− , we consider
the maps uθ : S → S , defined by
(˜uθf)n(p) :=
∏
1≤l<r≤n
e−
i
2
plθpr · f˜n(p) . (4.9)
With the help of the translation invariance of the ω0n, one readily proves
(uθf, uθg)0 = ω
0((uθf)
∗ ⊗ uθg) = ω0(uθf∗ ⊗θ uθg) = ωθ(f∗ ⊗ g) = (f, g)θ ,
i.e. the uθ extend to unitaries Uθ mapping Hθ onto H0, with Uθ−1 = U−θ. To reconstruct
the field operators, we consider the maps ϕθ(f) : S → S , f ∈ SK ,
ϕθ(f)g := f ⊗θ g , (4.10)
which are intertwined by the uθ, i.e. ϕθ(f) = uθ ϕ0(f)u
−1
θ . In the same way as in the
proof of Proposition 2.1 a), one can show that {g ∈ S : (g, g)0 = 0} is a left ideal with
respect to the Moyal tensor product. Hence the maps ϕθ(f) give rise to linear operators
on H0 = H via the usual Wightman reconstruction procedure – these are the θ-deformed
fields φθ(f) introduced in Definition 2.4.
One can also consider ϕ0(f) as an operator on Hθ, but the relation between ϕθ(f) and
ϕ0(f) implies that the latter point of view is unitarily equivalent to the former. We work
here with f 7→ f ⊗θ g on H0 in order to represent all fields φθ, θ ∈ IR4×4− , on the same
Hilbert space.
For the case of a scalar neutral free field φo, the deformed field operator φ
θ
o can be de-
scribed in terms of twisted creation/annihilation operators a#θ (p) [6]. But also for general
Wightman fields φ, one can specify the distributional kernels of the deformed fields φθ(f)
explicitly. With f ∈ SK , gn ∈ S nK , we have
φθ(f)Ψn(gn) =
∑
k,l
∫
d4p f˜(−p)k
∫
d4nq g˜n(−q)l e−
i
2
pθ
Pn
j=1 qj φ˜k(p) Ψ˜
n(q)l .
Since the vectors Ψ˜n(q)l are eigenvectors of the energy-momentum operators P
µ, with
eigenvalues
∑n
j=1 q
µ
j , the kernels of the deformed fields can be written as
φ˜θk(p) = φ˜k(p) e
− i
2
pθP = e−
i
2
pθP φ˜k(p) . (4.11)
The second equality follows from the translation covariance of φk and the antisymmetry of
θ. In position space, (4.11) formally reads
φθk(x) = exp
(
− 1
2
∂
∂xµ
θµν Pν
)
φk(x) , (4.12)
a formula which has been used in the work of Balachandran et. al. for deformed free fields
[25]. Definition 2.4 can be understood as a way of giving rigorous meaning to this formal
expression for general quantum fields.
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4.3 Covariance and TCP properties
As we saw in the previous section, the deformed fields φθk do not differ much from the
undeformed Wightman fields φk as far as domain and continuity properties are concerned.
However, the noncommutative background is expected to lead to drastic changes in com-
parison to the commutative case when it comes to questions of covariance and localization.
The vacuum state ωθ fixes a specific value θ in the joint spectrum of the commutators
[Xµ,Xν ] = iQµν and thus breaks Lorentz invariance to a subgroup if θ 6= 0. This feature
manifests itself here in a modified transformation rule for the deformed fields.
Lemma 4.3 (Poincare´ transformation properties of the deformed fields)
Let (a,A) ∈ P˜↑+ and f ∈ S (IR4). Then, with Λ = Λ(A),
U(a,A)φθ(f)U(a,A)−1Ψ = φΛθΛ
T
(f(a,A))Ψ , Ψ ∈ D . (4.13)
Proof. Let g ∈ S . Then
U(a,A)φθ(f)U(a,A)−1Ψ(g) = U(a,A)Ψ(f ⊗θ g(a,A)−1)
= Ψ((f ⊗θ g(a,A)−1)(a,A))
= Ψ(f(a,A) ⊗ΛθΛT g)
= φΛθΛ
T
(f(a,A))Ψ(g) , (4.14)
where we used Lemma 3.1 c) in the third equality. 
From the point of view of an observer preparing a state of the form ωθ, with some
θ ∈ Σκeκm , rotated or boosted systems appear in different states ωθ
′
, with the noncommu-
tativity parameter θ′ varying over the orbit Σκeκm . Each θ-deformed field φ
θ transforms
covariantly only under those Lorentz transformations Λ which satisfy ΛθΛT = θ. If both
the parameters κe, κm labelling the orbit (2.12) are different from zero, this subgroup is
SO(1, 1) × SO(2), with the two factors corresponding to boosts in the x1-direction and
rotations in the x2-x3-plane in the case of the reference matrix θ1 (2.13).
However, the model given by the family of fields {φθ(f) : θ ∈ Σκeκm, f ∈ SK} is
covariant under the full group P˜↑+, with the modified transformation law (4.13). This field
theory does not depend on a specific value of the noncommutativity parameter θ, but only
on a chosen Lorentz orbit Σκeκm ⊂ IR4×4− , i.e. on the two parameters κe, κm ∈ IR.
In usual Wightman quantum field theory, it is well known that the representation U of
P˜↑+ can be extended by an antiunitary TCP operator J implementing spacetime reflection
and charge conjugation. The undeformed fields transform covariantly under this operator,
i.e.
Jφ(f)J−1 = φ(fJ) , JΨ(g) = Ψ(gJ ) , (4.15)
where g → gJ denotes the involution (2.8).
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In many models, even stronger covariance properties are realized, and all Poincare´
transformations act as symmetries. In particular, time reflection rT (x0,x) := (−x0,x) and
space reflection rP (x0,x) := (x0,−x) are then represented by (anti-) unitary operators
T := U(0, rT ) and P := U(0, rP ) (not to be confused with the energy-momentum operators
P0, ..., P3) such that, f ∈ S (IR4),
Tφk(f)T
−1 = αT (k) · φk(f(0,rT )) , Pφk(f)P−1 = αP (k) · φk(f(0,rP )) , (4.16)
with phases αT (k), αP (k) ∈ {1,−1, i,−i}. In this case, there also exists a charge conju-
gation operator C, Cφk(f)C
−1 = αC(k) · φk(f), with αC(k)αP (k)αT (k) = iN(k), and J
coincides with the product TCP [19].
In the θ-deformed framework considered here, the situation looks as follows.
Proposition 4.4 (TCP and reflection symmetries for deformed quantum fields)
The TCP transformation J acts on the deformed fields according to
Jφθ(f)J−1 = φ−θ(fJ) . (4.17)
If the transformations P , C and T are realized separately as symmetries of the undeformed
theory, the deformed fields satisfy
Pφθk(f)P
−1 = αP (k) · φrP θrPk (f(0,rP )) , (4.18)
Cφθk(f)C
−1 = αC(k) · φθk(f) , (4.19)
Tφθk(f)T
−1 = αT (k) · φ−rT θrTk (f(0,rT )) . (4.20)
Proof. We first use Lemma 3.1 c) to compute the action of J . With f ∈ SK , g ∈ S , there
holds
Jφθ(f)JΨ(g) = JΨ(f ⊗θ gJ ) = Ψ(fJ ⊗−θ g) = φ−θ(fJ)Ψ(g) .
The proof of Lemma 4.3 can immediately be extended to cover also the parity trans-
formation P , leading to (4.18). For time reflection, one has to take into account that
T is antilinear: This conjugation flips θ to −θ and also leads to a conjugation of the
testfunction in Tφθk(f)T
−1 (4.20). Finally, for charge conjugation we have CΨn(gn) =∑
k
αC(k1) · · ·αC(kn)Ψn(gn
k
), which implies (4.19). 
Note that with θ ∈ Σκeκm , also −θ lies on this orbit, i.e. the TCP transformed
fields Jφθ(f)J−1 are also elements of the polynomial algebra generated by the fields φθ(f),
θ ∈ Σκeκm , f ∈ SK . In the following, we will only use the (cover of) the proper Poincare´
group as symmetry group, since the individual reflections T , C, and P might already be
broken on the level of the undeformed theory.
The TCP theorem in the context of θ-deformed theories has attracted some attention
in the literature [26, 13, 27]. In [13], a different model-independent setup for Wightman
theories on Moyal space was proposed, with the essential ingredient that the geometric
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symmetry group is O(1, 1) × SO(2). This kind of symmetry is shared by the algebra of
fields φθ belonging to a fixed θ in a Lorentz orbit Σ0,κm with κe = 0 in our setting, i.e. on
a Moyal space with “commuting time”. In [13], the authors consider this weakened sym-
metry together with a weakened locality assumption (cf. also the discussion after Theorem
4.5 below), which can be used to derive the TCP theorem in that setting, see also [26] for
a somewhat similar approach.
In the special case of deformations of the free scalar neutral field, the TCP symmetry
of Proposition 4.4 has been established before [27, 6].
4.4 Localization in wedges
It is well known that quantum field theory on noncommutative spacetimes typically exhibits
nonlocal features. In general, one has for f, g ∈ S (IR4) with space-like separated supports,
supp f ⊂ (supp g)′,
[φθk(f), φ
θ
l (g)]± 6= 0 , (4.21)
in contrast to the undeformed situation at θ = 0 (2.5). At small scales of the order of
magnitude of the Planck length, such a violation of locality might be acceptable from a
physics point of view, but at larger scales, nonlocality has to be regarded as an unphysical
artifact of the chosen model.
We therefore want to investigate in the following to which degree locality is broken
in our setting, and will find a weakened concept of localization which is still compatible
with noncommutativity. As for the Lorentz transformation properties, our point of view is
that of an observer preparing a vacuum state ωθ with sharp noncommutativity parameter
θ ∈ Σκeκm. The question we consider is if it is possible to consistently assign localization
regions O ⊂ IR4 (presumably larger than a single point set {x}) to the field operators φθ(x),
such that the transformed fields U(a,A)φθ(x)U(a,A)−1 commute with φθ(x) whenever
Λ(A)O + a lies spacelike to O.
In the context of a deformed free field φθo, it has been shown that although the point-like
localization of φo is lost for θ 6= 0, the fields φθo are localized in certain infinitely extended,
wedge-shaped regions of Minkowski space [6]: For any θ ∈ Σ, there exists a wedge region
W (θ) ⊂ IR4 such that φθo(x) is localized in W (θ) + x in the above mentioned sense.
The same type of localization was also found in the generalized deformation studied
by Buchholz and Summers [17]. Here we show how the wedge-locality of the θ-deformed
fields can be derived from properties of the Moyal tensor product, and first recall some
facts about wedges.
As our reference region, we take the standard wedge W1 in x1-direction,
W1 := {x ∈ IR4 : x1 > |x0|} , (4.22)
and the set of all wedges is defined to consist of all Lorentz transforms of W1,
W0 := L↑+W1 = {ΛW1 : Λ ∈ L↑+} . (4.23)
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It has been shown in [6] that the sets Σκeκm and W0 are homomorphic as homogeneous
spaces for the proper Lorentz group since the stabilizer group of θ1 (2.13) with respect to the
action θ 7→ ΛθΛT and the stabilizer group ofW1 (4.22) with respect to the actionW 7→ ΛW
coincide if κe 6= 0, κm 6= 0. This also holds if we consider Σ andW0 as homogeneous spaces
for the proper Lorentz group L+ and represent the spacetime reflection by θ 7→ −θ (cf.
Prop. 4.4).
We can therefore associate a wedge W (θ) ∈ W0 with each θ ∈ Σ in a covariant manner
by putting
W (Λθ1Λ
T ) := ε(κe)ΛW1 , Λ ∈ L↑+ ; (4.24)
this assignment is well defined in view of the above remarks. Here ε(κe) denotes the sign
of the parameter κe appearing in the definition of the orbit Σ = Σκeκm (2.12), i.e. θ1 is
associated with W1 if κe ≥ 0, and θ1 is associated with −W1 if κe < 0.
With the convention (1.4), the reference noncommutativity θ1 (2.13) maps the positive
lightcone into the wedge −W1 if κe ≥ 0, i.e. θ1 V+ ⊂ −W (θ1).
The causal complement of W1 is W
′
1 = −W1. Since spacetime reflection j : x 7→ −x is
implemented by θ 7→ −θ on Σκeκm , we have
W (θ1)
′ = −W (θ1) = jW (θ1) = −W (θ1) . (4.25)
By standard covariance arguments, these remarks imply the following facts. For a), see for
example [28].
W1) Let W1,W2 ∈ W0. Then W1 ⊂W2 ⇐⇒W1 =W2.
W2) The causal complement of a wedge W ∈ W0 is W ′ = −W .
W3) W (θ) = −W (θ′)⇐⇒ θ = −θ′.
W4) θ V+ ⊂ −W (θ) , θ ∈ Σ .
Our theorem regarding the localization of the fields φθk reads as follows:
Theorem 4.5 (θ-deformed quantum fields are wedge-local)
If two undeformed fields φk, φl commute or anticommute at spacelike separation,
[φk(x), φl(y)]± = 0 , (x− y)2 < 0 , (4.26)
then their θ-deformed counterparts satisfy the following wedge-local (anti-) commutation
relations: For Ψ ∈ D, noncommutativity parameters θ, θ′ ∈ Σκeκm, and test functions
f1, f2 ∈ S (IR4) with
supp f1 +W (θ) ⊂
(
supp f2 +W (θ
′)
)′
, (4.27)
there holds
[φθk(f1), φ
θ′
l (f2)]±Ψ = 0 . (4.28)
Hence the fields φθk(x) are localized in the wedge regions W (θ) + x.
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Proof. In view of the above remarks W1)-W3) on the structure of W0, the condition of
spacelike separation (4.27) implies W (θ′) = W (θ)′ = −W (θ), and hence θ′ = −θ. So
we consider indices k, l ∈ {1, ...,K} such that (4.26) holds, and testfunctions f1, f2 ∈
S (IR4) with supp f1 +W (θ) ⊂ (supp f2 −W (θ))′. But this inclusion only occurs for test
functions f1, f2 such that there exists some translation a ∈ IR4 with supp f1 + a ⊂ W (θ)
and supp f2 + a ⊂ −W (θ). In view of the translation covariance of the theory, it therefore
suffices to consider the case supp f1 ⊂W (θ), supp f2 ⊂ −W (θ) for the proof of the theorem.
Choosing such f1, f2, an arbitrary g
n ∈ S (IRn) and a multi-index m, we get
[φθk(f1), φ
−θ
l (f2)]±Ψ
n
m(g
n) = Ψn+2klm(f1 ⊗θ (f2 ⊗−θ gn))±Ψn+2lkm(f2 ⊗−θ (f1 ⊗θ gn)).
With the help of the exchange relation (3.15),
(f2 ⊗−θ (f1 ⊗θ gn))(x2, x1, y) = (f1 ⊗θ (f2 ⊗−θ gn))(x1, x2, y) , (4.29)
we can express the (anti-) commutator of the deformed fields in terms of the (anti-) com-
mutator of the undeformed fields as
[φθk(f1), φ
−θ
l (f2)]±Ψ
n
m(g
n) =
∫
dx1dx2dy (f1 ⊗θ (f2 ⊗−θ gn))(x1, x2, y) [φk(x1), φl(x2)]±Ψnm(y).
For any vector Φ ∈ H, we therefore have
〈Φ, [φθk(f1), φ−θl (f2)]±Ψnm(gn)〉 = W (f1 ⊗θ (f2 ⊗−θ gn)) , (4.30)
where W denotes the distribution with kernel W (x1, x2, y) = 〈Φ, [φk(x1), φl(x2)]±Ψnm(y)〉.
The Fourier transform of W has support in the (n + 2)-fold product of the forward
light cone V+ as a consequence of the spectrum condition. We are thus in the position to
apply Proposition 3.2 b), which yields
〈Φ, [φθk(f1), φ−θl (f2)]±Ψnm(gn)〉 = W (χU · (f1 ⊗θ (f2 ⊗−θ gn))) , (4.31)
where χU is the characteristic function of the set (3.14)
U = (supp f1 − θV+)× (supp f2 + θV+)× IR4n
⊂ (supp f1 +W (θ))× (supp f2 −W (θ))× IR4n
⊂W (θ)×W (θ)′ × IR4n .
In the second line, we used the inclusion property W4), and in the third line the. support
properties of f1 and f2.
From this form of U , we see that for all (x1, x2, y) ∈ U , x1 lies spacelike to x2. But the
commutator distribution W vanishes for spacelike separated x1, x2 in view of the locality
of the undeformed fields. So we arrive at
〈Φ, [φθk(f1), φ−θl (f2)]±Ψnm(g)〉 = 0 , (4.32)
and since Φ, g, n and m were arbitrary, the statement of the theorem follows. 
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The localization properties of various approaches to noncommutative quantum field
theories have been discussed in the literature before, and we would like to point out a dif-
ference between the approach taken by A´lvarez-Gaume´ and Va´zquez-Mozo and our formu-
lation [13]. These authors consider a modified Wightman framework in which the Lorentz
group is replaced by O(1, 1)×SO(2) as the symmetry group. On the basis of this restricted
symmetry, they also propose a modified locality condition (see [29] for related perturbative
calculations), which in our notation reads
[φθk(x), φ
θ
l (y)]± = 0 , (x− y) ∈W1 ∪ (−W1) . (4.33)
This vanishing of (anti-) commutators between field operators with the same θ is however
not a feature of models of the type considered here if θ 6= 0. Explicitly, one can for example
consider the θ-deformed free scalar field φθo and evaluate the two-particle contribution of
the field commutator on the vacuum [6],
〈p1, p2 | [φθ1o (x), φθ1o (y)] Ω〉 = −2i
(
ei(p1x+p2y) − ei(p2x+p1y)
)
sin
p1θ1p2
2
.
For generic on-shell momenta p1, p2, this distribution does not vanish if x− y are wedge-
like separated as in (4.33). In fact, the interplay between φθ and φ−θ is essential to derive
wedge locality, as was demonstrated in the proof of Theorem 4.5.
Regarding the discussion of the Spin-Statistics Theorem [20] for quantum field theories
on noncommutative Minkowski space, we mention that this structure is undeformed in
our framework: As is apparent from Lemma 4.3, a deformed field φθk transforms under a
half-integer or integer spin representation precisely if its undeformed counterpart φk does.
Also the modified commutation relations fit into this picture: Deformed fields φθk(x), φ
θ′
l (y)
commute or anticommute precisely if φk(x), φl(y) do, with the only modification that the
condition of spacelike separation now also involves the parameters θ, θ′ and their associated
wedge regions.
The wedge-locality of the θ-deformed fields is of conceptual interest, since it shows that
some restricted form of locality is still present also in the noncommutative setting. On the
other hand, such localization properties are also useful from a more practical point of view
since they allow for the computation of noncommutative corrections to the two-particle
S-matrix.
If the initial undeformed theory has a decent energy-momentum spectrum, there exist
two-particle incoming and outgoing scattering states |p, q〉θin/out, θ ∈ Σκeκm , also in the
wedge-local deformed theory. Such asymptotic states have been constructed in [17] using
methods developed in [16], the main ingredient being the fact that the two wedges W (θ)
and W (θ′) = W (−θ) can be causally separated. For a computation in the model of the
θ-deformed free field, see [6].
These scattering states can be used to calculate the S-matrix elements for collision
processes with two incoming and two outgoing particles. Assuming for simplicity that
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the original theory describes a single species of massive particles, consider on-shell mo-
menta p, q, p′, q′ such that q − p ∈ W (θ), q′ − p′ ∈ W (θ). The S-matrix elements of the
corresponding asymptotic two-particle states of the deformed theory are then given by [17]
θ
out〈p, q | p′, q′〉θin = e−
i
2
pθqe−
i
2
p′θq′ · 0out〈p, q | p′, q′〉0in , (4.34)
where 0out〈p, q | p′, q′〉0in denote the S-matrix elements of the undeformed, local theory at
θ = 0.
This deformation of the S-matrix shows that the effective interaction between particles
on noncommutative Minkowski space is influenced by the noncommutativity. To detect this
effect, one could for example use time delay experiments.
The asymptotic states (4.34) depend on the noncommutativity parameter θ of the
fields φθ, φ−θ used for preparing them. As pointed out in [17], the ordering of momenta
with respect to the wedge W (θ) breaks the Lorentz invariance of the S-matrix, a striking
consequence of the nonlocality of the deformed models considered here.
5. Conclusions
In the context of quantum field theory on noncommutative spacetimes, two quantization
steps are involved: The usual quantization relating a classical field theory to a quantum
field theory, and in addition the step from a “classical spacetime” to a noncommutative
“quantum spacetime”. Introducing a parameter ϑ measuring the noncommutativity of
the spacetime, with ϑ = 0 corresponding to a commutative manifold3, the challenge is to
formulate models of quantum matter on quantum spacetime, i.e. at ~ > 0 and ϑ > 0.
Starting from a classical field theory (CFT) on a classical spacetime (CST), at least
two quite different strategies of constructing QFT on quantum spacetime (QST) are con-
ceivable.
CFT on QST
(~ = 0, ϑ > 0)
✲ QFT on QST
(~ > 0, ϑ > 0)
CFT on CST
(~ = 0, ϑ = 0)
✻
✲ QFT on CST
(~ > 0, ϑ = 0)
✻
In the above diagram, one possible strategy consists in first formulating a model of classical
fields on quantum spacetime. In concrete examples, this is usually done by considering
deformed classical Lagrangeans, involving Moyal-products like ϕ(x)⋆...⋆ϕ(x) as interaction
terms. The second step in this procedure then consists in going over to a quantum field
theory on QST, and is usually approached by perturbative renormalization with new, ϑ-
dependent counter terms to define the corresponding QFT on QST (see, for example,
[3, 9, 8] for Euclidean models, and [4] for a Lorentzian approach).
3For the noncommutative Minkowski space considered here, one can use ϑ := |κe|+ |κm|.
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A different strategy consists in taking the other route from the lower left corner at (~ =
0, ϑ = 0) to the upper right corner at (~ > 0, ϑ > 0) in the above diagram. This amounts
to first considering a QFT on a classical spacetime, and then applying the deformation to
quantum spacetime afterwards [13, 6, 15, 17].
These two alternative procedures are however inequivalent in general, i.e. the described
diagram is not commutative. This can for example be seen when considering the theory of
a free, scalar field on Moyal space: Arguing that the corresponding classical Lagrangean
Lϑ on QST should arise from the initial free Lagrangean L0 by replacing ordinary products
with Moyal ⋆-products, one sees that the action is unchanged since Lϑ is quadratic (see,
e.g. [5]). Hence “noncommutative free QFTs” are undeformed from this point of view, i.e.
identical with the usual free QFTs on commutative spaces. However, following the second
strategy, one arrives at the conclusion that the deformed free theory does differ from its
commutative counterpart [6].
In the present paper, we discussed an approach in the spirit of the second construction
procedure. In the formalism presented here, the noncommutative structure of spacetime
amounts to a universal deformation of the QFT under consideration, which can be traced
back to a deformation of the tensor product in the underlying Borchers-Uhlmann algebra
of test functions. The differences and similarities between the basic structures of a usual
quantum field theory and a deformed one were investigated.
In view of the simple form the noncommutativity, it seems well possible to extend our
formalism to other topics, such as thermal equilibrium states of deformed quantum field
theories, or a Euclidean formulation and its relation to the Minkowski regime. Moreover, it
would be interesting to understand better the relation between the two different construc-
tion strategies pointed out in the above diagram, and to analyze the interplay between the
θ-deformation and perturbation theory.
Independently of the motivation to study quantum field theory on noncommutative Minkows-
ki space, the construction carried out here is also of interested for usual “commutative”
QFT, as emphasized in [17]: It provides us with new wedge-local, covariant models with
non-trivial S-matrix. Using methods of algebraic quantum field theory [18], the local ob-
servable content of such models can be determined and used to define a strictly local
theory. In the present θ-deformed setting, the corresponding local models are expected to
be trivial [17], which is consistent with the nonlocal structure of Moyal space. But the gen-
eral strategy of constructing local, interacting models from deformed wedge-local theories
seems to be a promising new approach to constructive quantum field theory, which in the
two-dimensional case has already led to the rigorous construction of many models which
were not accessible by other methods [30, 31, 32, 33, 34].
In this context, we briefly mention possible generalizations of the deformation discussed
in this paper. The θ-deformation amounts to equipping the Borchers-Uhlmann algebra un-
derlying Wightman theory with a new “twisted” tensor product, the Moyal tensor product
⊗θ. However, most of the structural results derived here do not depend on the specific
form of this twisted tensor product, but rather hold for more general deformations. For
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example, one can define a product ⊗ρθ as
˜(fn ⊗ρθ gm)(p, q) :=
n∏
l=1
m∏
r=1
ρ˜(plθqr) · f˜n(p)g˜m(q) , (5.1)
with a suitable function ρ˜ satisfying in particular ρ˜(0) = 1 and ρ˜(−λ) = ρ˜(λ). For functions
of a single variable, this new product arises by smearing over a range of noncommutativities,
(f1 ⊗ρθ g1)(x, y) =
∫ ∞
0
dλ ρ(λ)√
2π
(f1 ⊗2λ·θ g1)(x, y) . (5.2)
Provided that the vacuum state on the Borchers-Uhlmann algebra is compatible with this
new product in the sense that {f ∈ S : ω(f∗ ⊗ f) = 0} is a left ideal with respect
to multiplication with ⊗ρθ, the corresponding fields φθ,ρ(f)Ψ(g) := Ψ(f ⊗ρθ g) are well
defined. They then satisfy the same covariance (Lemma 4.3 and Proposition 4.4) and
locality properties (Theorem 4.5) as in the previously considered case corresponding to
ρ(λ) =
√
2π δ(λ− 12), and lead to a non-trivial S-matrix involving ρ.
Constructions of this type therefore further illustrate the possibility of obtaining quan-
tum field theories with various non-trivial S-matrices from interaction-free theories by
means of a deformation procedure. This topic will be studied in more detail in a forthcom-
ing publication4.
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